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Agenda

Jeb has explained Ward Identities = Quantum Noether’s Theorem.
There was an assumption that Dϕ = Dϕ′. If this assumption fails
we get anomalies. Let’s talk about the Weyl anomaly because it is
part of the reason bosonic string theory needs 26 dimensions (and
superstring 10).



Polyakov Action
We start from the polyakov action for strings. Both g and X are
dynamical.

SPoly =
1

4πα′

∫
d2σ

√
ggαβ∂αX

µ∂βX
νδµν (1)

In trying to quantise this action using the Path Integral, we will
need to apply Faddeev-Popov, which would lead to ghost fields (bc
CFT).

Before quantising, we need to find the gauge symmetries to
integrate out. We have diffeomorphism invariance

σ 7→ σ′(σ) (2)

and Weyl invariance

gαβ 7→ g ′
αβ = Ω2(σ)gαβ(σ) (3)



Diffeomorphism Invariance

σ 7→ σ′(σ) (4)

gαβ 7→ gαββ = gγδ ∂σ
′α

∂σγ

∂σ′β

∂σδ
(5)

∂α 7→ ∂′
α =

∂ση

∂σ′α
∂

∂ση
(6)

∂β 7→ ∂′
β =

∂σρ

∂σ′β
∂

∂σρ
(7)

L = gαβ∂αX
µ∂βX

νδµν (8)

L 7→ L′ (9)

= g ′γρ∂′
ηX

µ∂′
ρX

νδµν
∂σ′α

∂σγ

∂σ′β

∂σδ

∂ση

∂σ′α
∂σρ

∂σ′β (10)

= g ′γρ∂′
ηX

µ∂′
ρX

νδµνδ
η
γδ

ρ
β (11)

= L (12)

d2σ
√
g 7→ d2σ′√g ′ (13)



Weyl/Conformal Invariance

gαβ 7→ g ′
αβ = Ω2(σ)gαβ(σ) (14)

gαβ 7→ Ω−2(σ)gαβ (15)√
det g 7→

√
det g ′ (16)

=
√

Ω4det g (17)

= Ω2
√

det g (18)

We will define e2ω ≡ Ω2 as the scaling factor.



Gauge Transformation of g

Let’s define a few things

ĝ means a specific choice of gauge

For any metric g , we define a combined gauge transformation
(diffeo + Weyl)

g ζ ≡ e2ω(σ)
∂σc

∂σ′a
∂σd

∂σ′b gcd(σ) (19)

Infintesimally, σ 7→ σ + v(σ) for a small v << 1 & ω(σ) << 1
leads to

g ζ = g + 2ωĝαβ +∇αvβ +∇βvα (20)

we call v(σ) and ω(σ) the generators of the gauge transformation.



Path Integral Quantisation

Let’s stick the action in the path integral, remembering to divide
by the gauge volume.

Z =
1

Voldiffeo×Weyl

∫
DgDXe−SPoly [X ,g ] (21)

We apply the Faddeev Popov procedure, inserting

1 ≡ ∆FP [g ]

∫
Dζ δ

(
g − ĝ ζ

)
(22)

into the path integral yields

Z [ĝ ] =
1

Vol

∫
DζDXDg∆FP [g ]δ

(
g − ĝ ζ

)
e−SPoly [X ,g ] (23)

=
1

Vol

∫
DζDX∆FP [ĝ

ζ ]e−SPoly [X ,ĝζ] (24)



Calculating ∆−1
FP

We will now calculate

∆−1
FP [ĝ ] ≡

∫
Dζ δ

(
ĝ − ĝ ζ

)
(25)

We can do it for infinitesimal gauge transformations first
(exponentiating/integrating later to obtain the full). Using the
above,

∆−1
FP [ĝ ] ≡

∫
Dζ δ (2ωĝαβ +∇αvβ +∇βvα) (26)

Let’s expand the delta using fourier. Analogous to
δ(n)(x) =

∫
dnp exp(2πip · x),

∆−1
FP [ĝ ] (27)

=

∫
DωDvDβ exp

(
2πi

∫
d2σ

√
ĝβαβ [2ωĝαβ +∇αvβ +∇βvα]

)



Calculating ∆−1
FP

Without loss of generality, βαβ = ββα is a symmetric tensor.

Proof.
Let S ij be a symmetric tensor and Tij be any tensor. One can
decompose Tij into a symmetric and antisymmetric component

Tij =
1

2
(Tij + Tji ) +

1

2
(Tij − Tji ) (28)

If one contracts S ij with Tij , the antisymmetric part of Tij vanishes

S ijTij = S ij

[
1

2
(Tij + Tji ) +

1

2
(Tij − Tji )

]
(29)

=
1

2

[
S ij(Tij + Tji )

]
+
���������1

2

[
S ij(Tij − Tji )

]
(30)

=
1

2

[
S ij
]
(Tij + Tji ) (31)



Calculating ∆−1
FP

We can perform the Dv integration to get δ(βαβ ĝαβ). This implies
that βα

α = 0 (traceless). This simplifies ∆−1
FP

∆−1
FP [ĝ ] =

∫
DvDβ exp

(
4πi

∫
d2σ

√
ĝβαβ∇αvβ

)
(32)

∝ det−1 ∇α (33)

Where the last step involved using Gaussian integrals to calculate
inverse determinant. It turns out we can use Berezin integrals
(Gaussian but with Grassmann variables) to calculate the
determinant.

∆FP [ĝ ] = det ∇α =

∫
DbDc exp

−Sghost︷ ︸︸ ︷[
i

2π

∫
d2σ

√
gbαβ∇αcβ

]
where we have absorbed some factors into b, c .

https://en.wikipedia.org/wiki/Gaussian_integral
https://en.wikipedia.org/wiki/Berezin_integral


Full Action = Polyakov + Ghost

The full path integral now becomes

Z [ĝ ] =

∫
DXDbDc exp (−SPoly [X , ĝ ]− Sghost [b, c , ĝ ]) (34)

Ghosts b, c appear in the full action. However, they are scalar
fields that anticommute (in physics: spin-0 fermions), violating the
spin statistics theorem. So they are purely calculational tools and
do not appear as detectable particles. Anyway, we have quantised
string theory! It turns out everything is nicer in complex
coordinates (conformal transformations in 2D satisfy
Cauchy-Riemann relations).



Aside: Calculations in z , z̄ space

In CFT we will often work in complex coordinates. If one is
familiar with real differential geometry, we can blindly use the
coordinate transformation

z = x + iy (35)

z̄ = x − iy (36)

and get the correct results. Strictly speaking real coordinates
cannot have the i , so behind the scenes, the correctness of the
following results is is based on complex manifolds.



Aside: Tensors in z , z̄ space

The metric and energy-momentum tensor are tensors of rank 2, so
let’s spell out how they transform in the most general case

Tab = Tij
∂x i

∂ya
∂x j

∂yb
(37)

T11 = (Tz̄z + Tzz̄) + Tzz + Tz̄ z̄ (38)

T12 = Tzz
∂z

∂x

∂z

∂y
+ Tzz̄

∂z

∂x

∂z̄

∂y
+ Tz̄z

∂z̄

∂x

∂z

∂y
+ Tz̄ z̄

∂z̄

∂x

∂z̄

∂y
(39)

= i (Tzz + Tz̄z − Tzz̄ − Tz̄ z̄) (40)

T21 = i (Tzz − Tz̄z + Tzz̄ − Tzz̄) (41)

T22 = (Tzz̄ + Tz̄z)− (Tzz + Tz̄ z̄) (42)



Aside: Symmetric Tensors in z , z̄ space

If T is symmetric, Tab = Tab ⇒ Tij = Tji , so the above simplifies

T12 = T21 = i(Tzz − Tz̄ z̄) (43)

T11 = 2Tzz̄ + (Tzz + Tz̄ z̄) (44)

T22 = 2Tzz̄ − (Tzz + Tz̄ z̄) (45)



Aside: Traceless Symmetric Tensors in z , z̄ space

If T is symmetric and traceless, and gαβ = diag(1, 1)

T11 + T22 = 0 (46)

(47)

The LHS expressed in z , z̄ coordinates is 4Tzz̄ , so the traceless
condition becomes

Tzz̄ = 0 (48)



Aside: Metric in z , z̄ space

In 2D flat Euclidean space, metric gab = diag(1, 1), and so the
inverse metric gab = gab. This let’s us change an upper index to a
lower index at will. However, it does NOT hold in the z , z̄ metric
(derivation in next slide), and instead

gij(x , y) =

(
1 0
0 1

)
gab(z , z̄) =

1

2

(
0 1
1 0

)
(49)

g ij(x , y) =

(
1 0
0 1

)
gab(z , z̄) = 2

(
0 1
1 0

)
(50)



Derivation for z , z̄ metric

x =
1

2
(z + z̄) (51)

y =
1

2i
(z − z̄) (52)

gzz = g11

(
1

2

)(
1

2i

)
+ g12

(
1

2

)(
1

2i

)
(53)

+ g21

(
1

2i

)(
1

2

)
+ g22

(
1

2i

)(
1

2i

)
(54)

=
1

4
(g11 − g22)−

i

4
(g12 + g21) (55)

gz̄z = gzz̄ = g11

(
1

2

)(
1

2

)
+ g12

(
1

2

)(
− 1

2i

)
(56)

+ g21

(
1

2i

)(
1

2

)
+ g22

(
1

2i

)(
− 1

2i

)
(57)

=
1

4
(g11 + g22) +

i

4
(g12 − g21) (58)



Derivation for z , z̄ metric

gz̄ z̄ = g11

(
1

2

)(
1

2

)
+ g12

(
1

2

)(
− 1

2i

)
(59)

+ g21

(
− 1

2i

)(
1

2

)
+ g22

(
− 1

2i

)2

(60)

=
1

4
(g11 − g22) +

1

4
(g12 + g21) (61)

Substituting g11 = g22 = 1, g12 = g21 = 0 gives Equation 50.

gab(z , z̄) =
1

2

(
0 1
1 0

)
(62)

gab(z , z̄) = 2

(
0 1
1 0

)
(63)



Ghost Action in z , z̄ Space

The ghost action is conformally invariant

Sghost =
−i

2π

∫
d2σ

√
gbαβ∇αcβ (64)

=
−i

2π

∫
d2σ

√
ggηαbαβ∇ηc

β (65)

so let’s use that to choose a conformally flat metric

ĝαβ = e2ωδαβ (66)√
det ĝ = e2ω (67)



Ghost Action

Going to complex coordinates

z = x + iy (68)

z̄ = x − iy (69)

dz ∧ dz̄ = (dx + idy) ∧ (dx − idy) (70)

= −2idx ∧ dy (71)

The ghost action becomes

Sghost =
1

4π

∫
dz ∧ dz̄ e2ωe−2ωgηα(z , z̄)bαβ∇ηc

β (72)

=
1

4π

∫
dz ∧ dz̄ e2ωe−2ωgηαbαβ∇ηc

β (73)

=
1

2π

∫
d2z bz̄ z̄∇zc

z̄ + zbzz∇z̄c
z (74)

(75)



Ghost Action
The covariant derivative is just a ordinary derivative in these
coordinates since

Γzz̄α =
1

2
g zz̄(���∂z̄gαz̄ + ∂α gz̄ z̄︸︷︷︸

0

−���∂z̄gz̄α) = 0 for α = z , z̄ (76)

Making the definitions

b = bzz b̄ = bz̄ z̄
c = cz c̄ = c z̄

(77)

The ghost action is rewritten more neatly

Sghost =
1

2π

∫
d2z(b∂̄c + b̄∂c̄) (78)

with Euler Lagrange equations of motion

∂̄b = ∂b̄ = ∂̄c = ∂c̄ = 0 (79)

In other words, b = b(z) and c = c(z) is holomorphic and
b̄ = b̄(z̄) and c̄ = c̄(z̄) are anti-holomorphic.



bc Ghost CFT
The goal is to get the T̂ (z , z̄)T̂ (w , w̄) Operator Product
Expansion (OPE). Classically, (derivation is quite involved) the
stress tensor for bc theory is

T = 2(∂c)b + c∂b , T̄ = 2(∂̄c̄)b̄ + c̄ ∂̄b̄ (80)

When upgraded to quantum operators, we need to normal order

T = 2 : (∂c)b : + : c∂b : , T̄ = 2 : (∂̄c̄)b̄ : + : c̄ ∂̄b̄ : (81)

We can get our TT OPE with a wick contractions among the
∂b, b, ∂c and c fields.

T (z)T (w) = 4 : ∂c(z)b(z) :: ∂c(w)b(w) : (82)

+ 2 : ∂c(z)b(z) :: c(w)∂b(w) : (83)

+ 2 : c(z)∂b(z) :: ∂c(w)b(w) : (84)

+ : c(z)∂b(z) :: c(w)∂b(w) : (85)



bc Ghost CFT

We need to find out the 4× 4 = 16 time ordered correlation
functions (among ∂c, c , ∂b, b). Actually we only need to find 10
out of 16 of them because of exchange (anti)symmetry.

A(z)B(w) = −B(w)A(z) (86)

Moreover, 6 out of 10 of them vanish (TODO proven soon).

∂c(z)∂c(w) = ∂c(z)c(w) = c(z)c(w) = 0 (87)

∂b(z)∂b(w) = ∂b(z)b(w) = b(z)b(w) = 0 (88)

Essentially we only need to calculate 4 OPEs.

∂c(z)b(w) , ∂c(z)∂b(w) (89)

c(z)b(w) , c(z)∂b(w) (90)



bc OPE’s

Sghost =
1

2π

∫
d2z(b∂̄c + b̄∂c̄) (91)

Using the fact that path integral of total derivative is 0,

0 =

∫
DbDc

δ

δb(z)

[
e−Sghost b (w)

]
(92)

=

∫
DbDc e−Sghost

[
− 1

2π
∂̄c(z)b (w) + δ (z − w , z̄ − w̄)

]
The following is true (operator equations are always implicitly
inside time ordered correlators / inside the path integral)

∂̄c(z)b (w) = 2πδ (z − w , z̄ − w̄) (93)

The RHS is called the contact term between operators.



Integrating (∂̄c)b to get cb
Using the identity (can be proven using Stoke’s theorem)

∂z̄
1

z
= 2πδ (z , z̄) (94)

We get cb OPE

c(z)b(w) =
1

z − w
+ ... (95)

Differentiating this in multiple ways gives us all the OPEs we need

c(z)b(w) =
1

z − w
+ ... (96)

c(z)∂b(w) =
1

(z − w)2
+ ... (97)

∂c(z)b(w) = − 1

(z − w)2
+ ... (98)

∂c(z)∂b(w) = − 2

(z − w)3
+ ... (99)



Evaluating TT OPE

We perform Wick’s theorem in detail for one of the terms

4 : ∂c(z)b(z) :: ∂c(w)b(w) : (100)

= 4⟨b(z)∂c(w)⟩⟨∂c(z)b(w)⟩ (101)

+ 4 : ∂c(z)b(w) : ⟨b(z)∂c(w)⟩ (102)

+ 4 : b(z)∂c(w) : ⟨∂c(z)b(w)⟩ (103)

+ 4 : ∂c(z)b(z)∂c(w)b(w) : (104)

= − 4

(z − w)4
+

4 : ∂c(z)b(w) :

(z − w)2
− 4 : b(z)∂c(w) :

(z − w)2
(105)

+ 4 : ∂c(z)b(z)∂c(w)b(w) : (106)



Evaluating TT OPE

All 4 terms are
4 : ∂c(z)b(z) :: ∂c(w)b(w) := − 4

(z−w)4
+ 4:∂c(z)b(w):

(z−w)2
− 4:b(z)∂c(w):

(z−w)2
+ . . .

2 : ∂c(z)b(z) :: c(w)∂b(w) := − 4
(z−w)4

+ 2:∂c(z)∂b(w):
z−w − 4:b(z)c(w):

(z−w)3
+ . . .

2: c(z) ∂b(z) :: ∂c(w)b(w) := − 4
(z−w)4

− 4:c(z)b(w):
(z−w)3

+ 2:∂b(z)∂c(w):
z−w + . . .

: c(z) ∂b(z) :: c(w)∂b(w) := − 1
(z−w)4

− :c(z)∂b(w):
(z−w)2

+ ∂b(z)c(w):
(z−w)2

+ . . .

Summing it all up,

T (z)T (w) =
−13

(z − w)4
+

2T (w)

(z − w)2
+

∂T (w)

z − w
+ . . . (107)



CFT Central Charge

T (z)T (w) =
−13

(z − w)4
+

2T (w)

(z − w)2
+

∂T (w)

z − w
+ . . . (108)

We know that in bc ghost CFT, the TT expansion takes the above
form. It turns out that in general ALL CFTs, the TT expansion
takes the form

T (z)T (w) =
c/2

(z − w)4
+

2T (w)

(z − w)2
+

∂T (w)

z − w
+ . . . (109)

where c is called the central charge of that CFT. So for the bc
ghost CFT, c = −26.



More Examples of Central Charge

S =
1

4πα′

∫
d2σ∂αX∂αX has c = 1 (110)

S =
1

4πα′

∫
d2σ

n∑
i=1

∂αXi∂
αXi has c = n (111)

SPoly =
1

4πα′

∫
d2σ

√
ggαβ∂αX

µ∂βX
νδµν (112)

has central charge c = (dimensions of space-time the string lives
in).



Central Charges Add Up
If I have 2 (2-dimensional) conformal field theories SA, SB , if A,B
has central charge cA, cB respectively, then their combined action
SC = SA + SB has central charge cA + cB . This can be observed
by examining the (z − w)−4 term in the TT OPE.

TC (z)TC (w) = (TA(z) + TB(z))(TA(w) + TB(w)) (113)

= TA(z)TA(w) +(((((((
TB(z)TA(w) (114)

+ TB(z)TB(w) +(((((((
TA(z)TB(w) (115)

The reason for the vanishing of TA(z)TB(w) is because

0 =

∫
DXADXB

δ

δOA(z)
e−SA−SBOB(w) (116)

=

∫
DXADXB e−SA−SB

(
− δSA
δOA(z)

OB(w) +
�

�
�

��δOB(w)

δOA(z)

)
(117)

Basically there isn’t any contact terms δ(z − w , z̄ − w̄) so any
OPE between the two theories is 0.



Weyl Anomaly

It turns out that we need the total central charge c of our CFT to
be 0 for it to be physically meaningful, because nonzero c causes
Weyl Anomaly.

⟨Tα
α⟩ = − c

12
R (118)

Derivation is in the appendix.



Summary

In summary, to quantise the Polyakov action for a bosonic string,
we had to insert the Faddeev-Popov determinant into the path
integral, which ended up being calculated by the bc ghost CFT. bc
CFT alone had central charge of −26, but we need the total
central charge of Polyakov + bc to be 0 due to the Weyl anomaly.
So the Polyakov action needed to have a ”critical central charge”
of 26, which corresponded to the coordinates of the string being
26-dimensional.



Appendix A

Let’s derive the Weyl anomaly.



Stress Tensor

Conservation of energy and momentum is ∂µT
µν = 0. Let’s

express this in complex coordinates. Previously we derived the
following for traceless symmetric tensors

T12 = T21 = i (Tzz − Tz̄ z̄) (119)

T11 =���2Tzz̄ + (Tzz + Tz̄ z̄) (120)

T22 =���2Tzz̄ − (Tzz + Tz̄ z̄) (121)

The cancellation is due to Tzz̄ = 0 (traceless condition).



Conservation

Let T be the energy-momentum tensor, then we have ∂µTµν = 0.
In complex coordinates,

0 = ∂µTµ2 = ∂1T12 + ∂2T22 (122)

= ∂1T12 + ∂2T22 (123)

= (∂ + ∂̄)i (Tzz − Tz̄ z̄) (124)

+ i(∂ − ∂̄) (Tzz + Tz̄ z̄) (125)

= i
(
∂Tzz − ∂Tz̄ z̄ + ∂̄Tz̄ z̄ − ∂̄Tz̄ z̄ (126)

− ∂Tzz − ∂Tz̄ z̄ +∂̄Tzz + ∂̄Tz̄ z̄

)
(127)

= 2i
(
∂̄Tzz + ∂Tzz̄ − ∂̄Tzz̄ − ∂Tz̄ z̄

)
(128)

0 = ∂̄Tzz + ∂Tzz̄ − ∂̄Tzz̄ − ∂Tz̄ z̄ (129)



Conservation

0 = ∂µTµ1 = ∂1T11 + ∂2T21 (130)

= ∂1T11 + ∂2T21 (131)

= (∂ + ∂̄)(2Tzz̄ + (Tzz + Tz̄ z̄)) (132)

+ i(∂ − ∂̄)i(Tzz − Tz̄ z̄) (133)

= +∂Tzz + ∂Tz̄ z̄ + ∂̄Tzz + ∂̄Tz̄ z̄ (134)

− ∂Tzz + ∂Tz̄ z̄ + ∂̄Tzz − ∂̄Tz̄ z̄ (135)

= 2
(
∂Tzz̄ + ∂Tz̄ z̄ + ∂̄Tzz̄ + ∂̄Tzz

)
(136)

0 = ∂Tzz̄ + ∂Tz̄ z̄ + ∂̄Tzz̄ + ∂̄Tzz (137)

Putting both together yields conservation of energy-momentum in
complex coordinates

∂̄Tzz + ∂Tzz̄ = 0 (we will use this) (138)

∂Tz̄ z̄ + ∂̄Tzz̄ = 0 (139)



Tzz̄Tww̄ OPE
Now we can obtain the ∂Tzz̄∂Tww̄ OPE from the TzzTww OPE,

∂zTzz̄(z , z̄)∂wTww̄ (w , w̄) = ∂̄z̄Tzz(z , z̄)∂̄w̄Tww (w , w̄) (140)

= ∂̄z̄ ∂̄w̄

[
c/2

(z − w)4
+ . . .

]
(141)

We need to evaluate Equation 141

∂̄z̄ ∂̄w̄
1

(z − w)4
=

1

6
∂̄z̄ ∂̄w̄

(
∂2
z∂w

1

z − w

)
(142)

Using ∂̄z̄
1

z−w = 2πδ(z − w , z̄ − w̄) (Stoke’s),

1

6
∂̄z̄ ∂̄w̄

(
∂2
z∂w

1

z − w

)
=

π

3
∂2
z∂w ∂̄w̄δ(z − w , z̄ − w̄) (143)

So our Tzz̄Tww̄ OPE is

Tzz̄(z , z̄)Tww̄ (w , w̄) =
cπ

6
∂z ∂̄w̄δ(z − w , z̄ − w̄) (144)



Calculating δ ⟨T α
α(σ)⟩

We know that scale in flat space, scale invariance causes
⟨Tα

α⟩ = 0. Let’s vary δ ⟨Tα
α(σ)⟩ with respect to the any general

variation of the metric δgαβ away from flat space

δ ⟨Tα
α(σ)⟩ = δ

∫
Dϕe−STα

α(σ) (145)

| Using Tβγ ≡ − 4π
√
g

δSmatter

δgβγ

=
1

4π

∫
Dϕe−S

(
Tα

α(σ)

∫
d2σ′√gδgβγTβγ

(
σ′))

If we restrict the variation of the metric to a conformal
transformation, the metric varies as δgαβ = 2ωδαβ, and the inverse
metric δgαβ = −2ωδαβ. This gives

δ ⟨Tα
α(σ)⟩ = − 1

2π

∫
Dϕe−S

(
Tα

α(σ)

∫
d2σ′ω

(
σ′)T β

β

(
σ′))



Calculating ⟨T α
α(σ)⟩

Substituting in the OPE with the correct factors

Tα
α(σ)T

β
β

(
σ′) = 16Tzz̄(z , z̄)Tww̄ (w , w̄) (146)

8∂z ∂̄w̄δ(z − w , z̄ − w̄) = −∂2δ
(
σ − σ′) (147)

yields the following

δ ⟨Tα
α⟩ =

c

6
∂2ω ⇒ ⟨Tα

α⟩ = − c

12
R (148)

Even though we are working infinitesimally, the RHS remains true
for general 2D surfaces.


